Abstract
"When it is obvious that the goals cannot be reached, don't adjust the goals, adjust the action steps." Confucius 1

Background: The Importance of Goals
Typically, in finance academic theories have influenced investment practice, but this paper attempts to do the reverse and use investment practice to derive an academic theory of asset pricing, asset allocation and risk-adjusted performance.
The November-December 2015 issue of Investments and Wealth Monitor (IWM), a journal catering to investment advisor community, is dedicated solely to Goals-based Investing or GBI (also called Outcome-based Investing). Coincidentally, a European academic research group also just released a 240 page tome on a new approach to GBI. As they note, " [A] ny investment process should start with a thorough understanding of the investor problem. Individual investors do not need investment products with alleged superior performance; they need investment solutions that can help them meet their goals subject to prevailing dollar and risk budget constraints." 2 It seems a bit funny that 60+ years after Dr. Harry Markowitz's path-breaking insights on portfolio structuring that we are now focusing on the importance of goals. After all, goals are the reason d'etre for accumulating assets. Original Modern Portfolio Theory (MPT), assumed that investors want to maximize wealth for wealth's sake (or the highest absolute riskadjusted return), regardless of whether it was for retirement, for a child's education or a healthsavings account. 3 The power of MPT was that if offered a simple/robust model for asset pricing, advice for asset allocation, and also lent itself to effective measures of risk-adjusted performance. However, this goal-independent wealth focus of MPT may have led investors down a 60 year rabbit hole from which we are now emerging. 4 Investment goals typically have one feature in common -namely, they can be specified as a set of forward-starting real cash-flows (certain or uncertain), indexed to some appropriate measure of inflation, which then last for a (certain or uncertain) period of time once they start. Shin (2016), or MOS (2016) hereafter, and Muralidhar (2017a), or MM (2017a) hereafter, suggest that the goal of retirement is to receive a target, guaranteed, real income, from retirement to death. This is shown in Figure 1A , where (R) marks the date of retirement at say age 65, and retirement is assumed to last 20 years. In short, individuals save for approximately 40 years, and invest these savings in order to receive these specific cash flows to allow them to have an adequate retirement lifestyle. Similarly, we make the assumption that the goal of saving for a child's college education is to be able to receive a targeted, guaranteed, real income (to pay for tuition and other costs), for a minimum period of 4 years starting when the child is 18 years old. This is shown in Figure 1B and here the link would be to tuition inflation. much like investors actually do. 8 In a way, this paper is in the spirit of Debreu (1959) , Arrow (1964) and Breeden and Litzenberger (1978) , but based on goals, risk-budgets, and goalreplicating assets as opposed to Arrow-Debreu securities or options prices on aggregate consumption. 9 The intuition behind this model is very simple: a relatively risk-free asset for one goal (e.g., SeLFIES) is a risky asset for another goal (college savings). Therefore, using the traditional absolute risk-free asset, F, and two goal-specific risk-free assets (say G1 and G2) allows one to triangulate to establish the return of any other risky asset. G1 and G2 individuals who are maximizing risk-adjusted returns subject to a risk-budget will each have a unique demand for the risky asset, but the no arbitrage/equilibrium conditions across all goals ensures that returns of the risky asset will stabilize at a level compatible with both goals. This equilibrium removes the need for non-observable facets of MPT like the "risk aversion"
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parameter or the "market portfolio."
In summary, the return of a generic asset, I, can be specified as follows:
r(I) -r(F) = Ζ I,G1/G2 * [r(G1) -r(F)] (0) where G1 is the goal 1 replicating asset (in this case, the relative risk-free asset), G2 is the goal 2 replicating asset (in this case risky relative to G1), F is the absolute risk-free asset, and the Zeta term is in the spirit of the beta term of MPT, and is a "covariance" term with many additional correlation terms to capture the no arbitrage/equilibrium conditions described above. 10 This specification is based on a specific, easily identifiable asset (G1), conditioned by the presence of the second goal-replicating asset, G2 (as opposed to MPT's use of a not easily-identified "market" portfolio). Greater detail on this formulation is provided in equation 23 or 24.
Further, the allocation recommendations of this model are very intuitive. Optimal allocations to risky assets (equations 9, 13 and 16) depend on the ratio of relative volatilities of the goal replicating asset to the risky asset multiplied by a ratio of correlation terms that capture the risk tolerance of the investor (an easily identified and measured correlation term as opposed to MPT's "risk aversion" parameter). The allocation to the goal-replicating asset is solely a function of correlation terms and the risk budget (equations 10, 14, and 17) . Very simply, the higher the volatility of the risky asset the lower its allocation in an optimal portfolio. Moreover, higher (lower) risk tolerance implies a higher (lower) permissible risk relative to the goal-replicating asset, which in turn implies a lower (higher) the correlation of the optimal portfolio to the goalreplicating asset, thereby permitting a higher (lower) allocation to risky assets, and a lower (higher) allocation to the goal-replicating asset, with the absolute risk-free asset, F, being allocated the rest.
In a similar fashion, having heterogeneous investors (e.g., one focused on retirement and one focused on saving for a child's college education) who are supplied their goal-specific risk-free asset and seek to maximize the relative risk-adjusted performance of their portfolios is sufficient to solve out the asset pricing model. In a heterogeneous investors model, G1 individuals are one type of investor, and G2 individuals are a different type of individual (as in Figures 1A and 1B) and it is clear from equation (0) that risky assets can be priced based on either goal.
The paper is structured as follows: Section I provides an overview of MPT, and highlights the pros and cons as it relates to GBI. Section II summarizes other models that have addressed some form of relative asset pricing to contrast them to the approach taken here. Section III provides a brief summary of the case for the new goal-specific relative risk-free assets. Section IV presents the model and shows how the existence of two goals with two relative risk-free assets, along with the absolute risk-free asset allows for all risky assets to be priced if investors maximize relative risk-adjusted performance. It also demonstrates how this approach lends itself to effective advice on asset allocation and risk-adjusted performance calculations. Section V discusses some extensions and short-comings of this approach, and Section VI summarizes.
I. Overview of MPT -Pros and Cons
A comprehensive, user-friendly model for investors should include recommendations for asset allocation, models for asset pricing, and methods for calculating risk-adjusted performance-the three key aspects of effective asset management, as illustrated in Figure 2 . The last aspect, calculating risk-adjusted performance of investment managers or investment opportunities, often ignored in competing theories, is critical because it helps investors evaluate investment opportunities and structure optimal portfolios.
MPT, which comprises Harry Markowitz's mean-variance optimization (Markowitz 1952 ) and the Linter -Mossin-Sharpe-Tobin-Treynor capital asset pricing model (CAPM), is the backbone of modern finance. 11 Standard CAPM is based on the simple assumption that investors have a particular utility function (e.g., quadratic utility) or asset returns are normally distributed. It suggests that if investors had mean-variance preferences, as assumed by Markowitz (1952) , then the expected returns of any asset, defined as r(i), can be explained by a simple formula as in equation 1; its excess over the risk-free rate r(F) is equal to beta times the expected excess of the return of the market portfolio r(M) 12 over the risk-free rate. Beta is defined as the covariance of the asset r(i) to the market portfolio r(M) divided by the variance of the market portfolio r(M ), or alternatively, as the ratio of the volatility of I divided by the volatility of M multiplied by the correlation of I and M, as shown in equation 2. The second version of equation 2 will closely 8 resemble the structure of the new model in equation 23 and 24, and equation (0) is in the spirit of
FIGURE 2: Key attributes of an effective investment theory (and how MPT achieves this)
The fundamental assumption here is that investors derive utility from wealth and are averse to volatility. In addition to this basic asset pricing formula, Tobin (1958) demonstrates how all investors should allocate assets between the risk-free asset and the market portfolio based on their risk aversion (called "Two Fund Separation Theorem"), thereby providing asset allocation recommendations that are consistent with the asset pricing model. Thereafter, Treynor (1966) , Sharpe (1994) , Graham and Harvey (1994) , and Modigliani and Modigliani (1997) derived riskadjusted performance measures from the MPT equilibrium model to evaluate the efficacy of a particular investment or investment manager to whom management of assets may be delegated.
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While Treynor (1966) and Sharpe (1994) The key point to note is that in the MPT world of maximizing absolute wealth subject to an absolute risk constraint, the returns (and risk) of each asset are anchored by two key assets -the absolute risk-free asset (F) and the market portfolio (M) as shown in equation 1. The market portfolio is derived from the equilibrium assumption as it is the portfolio that sits on the point of tangency between the efficient frontier and the risk-free asset, and hence is essential in this model. Further, MPT is one of the few theories that easily lends itself to robust models for each of the three key aspects of investment management shown in Figure 2 . Furthermore, it is a very flexible framework. Das et al (2010) argue that the MPT framework can be used for GBI in that each goal can be represented by a unique target expected return. With this simple assumption, they establish a unique portfolio for each goal thereby applying MPT to the mental accounting framework (Thaler 1999) . However, as Figures 1A and Figures 1B show, the 'safe" asset for one goal is clearly different from that of another, and hence representing each goal by a different target expected return, but the same risk-free return, F, may be a much-too-simplistic assumption to use MPT for GBI.
a. Pros of MPT
As Levy (2011) notes, MPT has survived because no other theory has been able to replace its simplicity and comprehensive approach to portfolio management.
b. Cons of MPT
MPT is based on utility functions that are not observed in practice and there is uncertainty over calibrating the risk-aversion parameter for each client. Further, the market portfolio is not easily observed - Stambaugh (1982) highlights the difficulty in establishing this portfolio. In its purest form, the market portfolio should include financial assets, consumer durables, real estate, and human capital. More importantly, in practice, while most investors use the tools of MPT (e.g., generate expected returns using CAPM or use optimizers to establish target asset allocations), they do not appear to implement Two Fund separation, potentially because M is not easily specified. If anything, there is wide disparity in portfolios of investors, not just in the split between the risk-free asset and the market portfolio. For example, one needs to just look at how US public defined benefit (typically equity heavy) and corporate defined benefit pensions (typically invested heavily in long-duration bonds) structure their portfolios to see why CAPM recommendations on asset allocation do not appear to be followed by investors. 15 Further, there is a significant literature on the empirical tests of CAPM (e.g., Black, Jensen and Scholes 1972) that appeared to identify shortcomings in CAPM. Fama and French (1992) and Fama and French (2004) offer a cryptic critique of CAPM's ability to inform investors about expected returns and state that, "the empirical record of the model is poor-poor enough to invalidate the way it is used in applications."
Probably, the biggest challenge to MPT is whether investors truly behaved as hypothesized and whether they derived utility from wealth. Kahneman and Tversky (1979) state that MPT appears to be missing a reference point, but are not able to clearly articulate what the reference point is.
MOS 2014a and MOS 2014b argue that the reference point is the goal for which the portfolio is invested -something hinted at in the original Kahneman and Tversky (1979) paper, but not pursued further. 16 Interestingly, CAPM is silent about goals, even though Sharpe and Tint (1990) , address the importance of liabilities (especially surplus, defined as assets minus liabilities) from an asset allocation perspective, but never pushed the argument further to examine the implications of liability-focused investing on asset pricing or risk-adjusted performance. In effect, Sharpe and Tint (1990) was one of the earliest attempts to focus on GBI.
It is easily shown that the asset allocation recommendations of Sharpe and Tint (1990) , and in turn, the demand for assets, would be inconsistent with the asset pricing recommendations of CAPM.
II. Alternative Relative Asset Pricing Models
There is a rich collection of papers that provide models that modify MPT to normalize for the fact that investors do not appear to maximize absolute wealth, but rather relative wealth. In these papers/models, the asset portfolio is normalized by some other stochastic variable to capture various phenomena, including the home-market bias, peer comparison, habit or firm-bias allocations in portfolios (derived from "Keeping up with the Joneses" utility) 17 . Other papers focused on agency issues in investment management 18 , and the impact of benchmarking investors 19 , are also interpreted as merely simple variants of the notion of relative asset pricing as the asset portfolio is compared to some stochastic numeraire. A further strand of this relative pricing literature is the theory of background risk. 20 However, none of these approaches focus on goals or as they are alternatively known in the institutional space, liabilities. Das et al. (2010) integrate appealing features of Markowitz's mean-variance portfolio theory and behavioral portfolio theory into a GBI framework by suggesting that investors have multiple goals that they need to invest for, but focus solely on asset allocation for these goals -much like Sharpe and Tint (1990) . Black (1972) had suggested a revised model where the traditional theoretical risk free rate is replaced by a zero beta asset, which would have a higher return than F. The zero-beta asset would have non-zero volatility and correlations with other assets (but a zero correlation to the market portfolio, hence its zero beta moniker) and Two Fund Separation would hold. Following Black (1972) , Waring and Whitney (2009) make an argument for institutional liabilities being the risk-free portfolio in a CAPM setting, when investors worry about asset-liability considerations. They are able to establish a goals-based asset pricing model along with asset allocation recommendations (but do not focus on risk-adjusted performance). Merton (2014) argues that investors in defined contribution funds should maximize funded status (defined as assets divided by liabilities) and argues for a new approach to investing portfolios. Shin (2014a and derive an asset pricing model on the assumption that investors maximize funded status, assuming stochastic liabilities, and focus on asset pricing and asset allocation, but do not comment on riskadjusted performance in this setting.
If one takes a generic CAPM-type model and adjusts for the fact that investors derive utility from wealth relative to liabilities (defined very broadly as a stochastic variable), it is possible to offer a "linear" model of the form suggested in equation (3A) and (3B), which we refer to as the Relative Asset Pricing Model (RAPM). 21 In this model, L refers to the global Liability replicating proxy portfolio (with returns r(L) and non-zero volatility) -which would be a long duration bond portfolio (with credit) if all investors behaved like U.S. corporate pension funds, or a mix of stocks, bonds, commodities and alternative assets (or an aggregate of all target asset allocations) if all investors behaved like U.S. public pension plans, endowments and foundations and retail investors.
where
In this world, F, the traditional absolute risk-free asset, is risky; M* is the "relative" market portfolio of all assets; M is the market portfolio of all risky assets (as in MPT); and w is the market value weight of M in M*, i.e., r(M*)=w*r(M)+(1-w)*r(F). 22 Then (3A) can be restated as in (3D) below to make it compatible with CAPM.
One will quickly note the similarities between equations (1) and (3D) and one can think of (3D)
as being the asset pricing extension of Sharpe and Tint (1990) . In a simplistic world, where liabilities do not matter or are deterministic (i.e., r(L) = r(F) and w =1), the CAPM model in equation (1) is retrieved. 23 A major difference between equations (1) and (3D) is in the "beta"
term; equation (3B) highlights the "relative beta". The challenge with this model is that "L" is not clearly specified in practice and hence it is not easy to test empirically though the recommendations for asset allocation are optimal for individual investors. Finally, one can see RAPM as encompassing all the other relative asset pricing approaches as "L" could easily be the peer benchmark, the home bias benchmark, a background risk process, the benchmark to which an agent is measured (by the principal) or any other variant listed above.
The key point to note is that in the RAPM world of maximizing relative wealth subject to a relative risk constraint, the returns, risk and correlation (to the goal/liability) of each asset are anchored by three key assets -the absolute risk-free asset (F), the relative market portfolio (M*) and the liability portfolio (L). Like MPT, M* and L are derived from the equilibrium assumption of this model as it mimics MPT in all aspects except in the core objective of maximizing funded status versus maximizing wealth. The corollary to the Three Fund Separation of Merton (1973) is interesting in that Merton (1973) 's third fund hedges the stochastic opportunity set; in RAPM it hedges the goal. Each asset is triangulated by these three assets because F has zero volatility and zero correlation to other assets; L has zero relative risk relative to itself and this is essential to the model. In effect, RAPM extends CAPM to focus on returns, volatility and correlation to the goal, and hence needs three anchoring assets. This contrasts with the absolute world of MPT that focuses on just two parameters (returns and absolute risk) and needs just two anchoring assets, F and M. The Intertemporal CAPM of Merton (1973) needs three assets because it introduces the time dimension to the model.
If we assume that all investors have the same liability, then RAPM cannot explain asset allocation differences between a US corporate defined benefit and public defined benefit pension fund. If we assume that both have different liabilities because of regulations (e.g., a corporate fund has a long-duration liability whereas a public fund has an equity-heavy liability), then this starts to set the stage for explaining asset allocation differences among investors that MPT could not explain. But even then the model comes up a bit short as there is wide disparity in "risky" portfolio allocations suggesting that all investors, while they may have different liabilities (accommodated by RAPM), do not just hold the same relative risky portfolio, M*, and cash.
III. The Case for Goal-Specific Relative Risk-Free Assets
Muralidhar (2016b) lays out the detailed and generic case for these goal-specific relative riskfree assets. This section briefly summarizes the case for these instruments and highlights why these bonds have adequate supply and meaningful demand. To set the stage for these instruments, investors are assumed to have a host of goals (retirement, college savings, etc.), each of which is satisfied by a unique set of forward-starting real cash flows ( Figure 1A and 1B, respectively) that are indexed to the goal-specific inflation parameter. With this realistic assumption, the case for these assets can be delineated into three main categories: (a) Solves termism/recency-bias; and (e) over-confidence/over-extrapolation. What this means is that they despise losses more than they enjoy gains, tend to gamble when losses are involved, assign
unusually high values to assets they own, tend to hold onto losing assets, tend to base their decision on which assets to buy or sell based on recent returns, and finally tend to make projections assuming they are more skilled than they actually are.
b. Challenges of Theory/Practical Challenges
Even if we ignore the issues relating to investor knowledge and behavior, planning for GBI today is a complex mix of three basic questions for each goal, with the investment decision further subdivided into at least three questions: (i) How much to save? (ii) How to invest -further divided into: which assets to hold? how much of each to hold? how to rebalance? -and (iii) how to withdraw so as to not deplete the asset pool too early? There are many attractive theoretical models to address these questions. 28 Sadly though, many GBI approaches being proposed to extract solutions for these multiple questions are highly complex, error-prone, risky and costly mathematical black-boxes, and these are probably beyond the scope of the average investor, let alone the financially illiterate masses. 29 Moreover, these theoretical models require inputs on expected returns which investors appear to be very poor at forecasting (Housel 2015 and Economist 2017) , and the inputs for these optimizers (e.g., volatilities and correlation) are dynamic and not static further complicating the problem. As a result, even the benefits of diversification are not guaranteed as investors discovered in 2008. They could delegate these decisions to advisors, but advisors, schooled on MPT, are probably susceptible to the same challenges.
c. Asset Market Challenges
In some part, complexity of the GBI models is driven by the unique challenges that current assets impose on our decision-making. It is quite easy to see that there is no asset, either stocks, bonds, commodities or even financially engineered ones that have a cash flow profile even close to that shown in Figure 1A and 1B. With the exception of forward-starting swaps 30 or zero-coupon bonds, none have a forward-starting concept. Bonds have coupons cash flows well before the target start date, leading to re-investment risk, and then have a principal re-payment that spikes relative to the coupons. Stocks have uncertain future dividends and terminal values. Therefore, using existing instruments, even in "life-cycle funds" or "target date funds", precludes effective cash-flow matching. 31 Even if the financial engineers of Wall Street could create a product with the cash flows shown in Figure 1A and 1B, it is likely to be expensive and complex and well beyond the comprehension of the average investor or advisor. In the retirement world, annuities exist that mimic a cash flow profile that an investor might want for retirement income ( Figure   1A ), but they are also complex, risky, opaque and expensive. Their adoption by investors has been less than satisfactory (Brown et al 2012) , leading the late Prof. Franco Modigliani to remark in his Nobel Prize winning lecture that there is an "annuitization puzzle;" 32 namely, given how useful this contract was in life-cycle investing, their use was very limited.
d. The Retirement Solution: BFFS/SeLFIES
Merton and Muralidhar (2017b) note that, "Currently, there is no truly safe, low-cost, liquid instrument for retirees. Governments could issue a new 'safe' ultra-long bond instrument, we call 'SeLFIES' (Standard of Living indexed, Forward-starting, Income-only Securities). These proposed bonds start paying investors upon retirement, and pay coupons-only for a period equal to the average life expectancy at retirement (e.g., US bonds would pay for 20 years). Instead of a Treasury-Inflation Protected Securities (TIPS)-like adjustment, solely focused on inflation, SeLFIES cover both the risk of inflation and the risk of standard-of-living improvements.
SeLFIES are designed to pay people when they need it and how they need it, and greatly simplify retirement investing….SeLFIES also give governments a natural hedge of revenues against the bonds (through VATs) and allow this to be a vehicle to fund infrastructure." In addition, MM inflation, that starts paying the investor some years out, and then only pays for four years and matures. This is exactly the cash flow needed to finance a child's college education. The interesting aspect is that these bonds can be issued by corporate or governmental entities as long as the risk of default over the remaining maturity of the bond is not high. However, both these entities do not have a natural hedge against education inflation and this is where universities might be the best entities to issue these bonds. They are naturally long education inflation (because their tuition adjusts to this index) and hence to issue bonds that provide this indexation is trivial and also hedges their natural position. 33 Kiley (2012) notes that many colleges are feeling the pinch in terms of having to improve aging college infrastructure, but are unable to issue traditional bonds. Hence, if an instrument can be created that would tap into a completely new investor segment, then it could allow these colleges to invest in the future, thereby ensuring future revenues (which could be jeopardized if the college appears to be falling apart or old)."
IV. The Simple Goals-and Risk-based Asset Pricing Model
This section introduces the Goals-and Risk-based Asset Pricing Model (GRAPM). MPT/CAPM follows the standard/orthodox finance theory approach of assuming a representative investor who seeks to maximize the traditional utility (of wealth) function subject to risk constraints. The timeline for MPT achieving the ideal investment model in Figure 2 is as follows: MPT started with optimal portfolio structuring (Markowitz 1952 ) 34 , then focused on optimal asset allocation (Tobin 1958) , then derived the asset pricing model , Mossin 1966 , Sharpe 1964 , Treynor 1966 and even Merton 1973 , before finally addressing risk-adjusted performance (Treynor 1966 , Sharpe 1994 , Graham and Harvey 1994 , and Modigliani and Modigliani 1997 .
Given that investors do not typically specify a utility function or clearly articulate a risk-aversion parameter (as needed for Two Fund Separation), GRAPM takes a more nontraditional/unorthodox approach and focuses instead on how investors appear to behave.
Institutional investors seek to maximize a risk-adjusted expected return target subject to risk constraints much like Sharpe and Tint (1990) , and while this objective captures a utility preference of seeking the highest risk-adjusted return per unit of risk, it does not require a utility function or a risk-aversion parameter (but rather a risk target). GRAPM approaches the problem in reverse as the key equations used below were first used to establish risk-adjusted performance measures, called the M-cube risk-adjusted performance measure, in the presence of relative risk , Muralidhar 2001 35 . Because the model followed Modigliani and Modigliani (1997) , it also provided advice on optimal asset allocation for the objective of maximizing riskadjusted performance relative to a goal-replicating asset. Since optimal asset allocation establishes the demand for assets, Muralidhar and Shin (2013) take a first stab at using this approach to establish an asset pricing model because it allows the return of any asset to be decomposed and re-written as the optimal mix of the risk-free asset (F), the goal-replicating asset (L) and a generic risky portfolio (P). They argue that in the real world assets are invested to achieve some goal (L), but that the actual investment of these assets is delegated to agents who could be lucky or skillful. Since principals do not want to compensate agents for luck, they limit the relative risk that the agent can bear on behalf of the principal in trying to outperform the return of the goal and specify this constraint to identify skillful agents.
This paper pushes the earlier naive asset pricing model a bit further by examining how multiple goals, and the existence of multiple goal-specific risk-free assets (i.e., multiple variants of L)
offers the potential for recommendations on asset pricing, asset allocation and risk-adjusted performance, without requiring the more robust equilibrium assumption of MPT/CAPM/RAPM and a single optimal risky portfolio, M. The logic is trivial and the model is established in 8 major steps below -in a college-savings (retirement) world, BFFS/SeLFIES (BEST) are risky, and hence the M-square measure can express the return of a generic risky asset, I, as being an optimal linear combination of F, BFFS/SeLFIES and BEST. But, this asset should have the same return for retirement and college-saving investors and this no-arbitrage condition is the equilibrating element and ensures a robust asset pricing model, along with asset allocation recommendations and a method to measure risk-adjusted performance.
a. Assumptions
We need a few assumptions to set up the model. We assume that investors seek to maximize goal-specific risk-adjusted performance. We will assume that initially there are two simple worlds that are completely separate from one-another: Old-Age World and a College Saving
World. In the Old-Age World, all investors are saving for retirement (as in Figure 1A ) and the goal replicating asset as described in Section III.d, O, exists, with annualized return r(O) and volatility, σ(O). In the College Saving World, all investors are saving for their child's college education (as in Figure 1B ) and the goal replicating asset as described in Section III.e, C, exists, with annualized return r(C) and volatility, σ(C). Since we assume a single-period problem, we ignore the time subscript. We further assume that in the Old-Age (College Saving) World, the investor has access to C (O) and another generic risky asset I. These two assets would be considered risky relative to the goal. I could either be a single asset or a portfolio of risky assets.
For simplicity assume that it is a single asset -the multi-asset case is discussed in Section V.
Also, assume an absolute risk-free asset, F, exists with annualized return, r(F), and no volatility or correlation to any other asset (i.e., O, C and I).
Define the asset portfolio of the investor as A, with return r(A) and volatility σ(A). Portfolio A is the composite portfolio of multiple securities including F, the goal-replicating asset and risky assets. To reflect market reality, we assume that the investor does not save enough to achieve the goal. If they save enough, a simple solution would be to invest a sufficient amount in the goalreplicating asset (i.e., O in the Old-Age World and C in the College Savings World) and take no risk. If they are an underfunded investor who seeks to achieve full funding by the end of the period, then they must invest in assets other than the goal replicating asset. As a result, the most important condition is that the expected return on assets must exceed the expected return on goal-replicating asset ex-ante, because this forces the creation of a portfolio different from the goal-replicating asset. The degree of outperformance at this stage is less important than the stated goal.
b. The Old-Age World
Let us start with the Old-Age World. Sharpe and Tint (1990) suggest that in the presence of a goal, O, the objective of the investor should be to maximize the surplus, which can be expressed as follows:
where f is the initial funded status. Because f is a fixed value, it will not impact the overall allocation implications but will help establish the degree of relative risk to be targeted to outperform the goal portfolio. For example, if one is 90-percent funded, the required ratio of asset returns to goal returns to achieve full funding is 110 percent. Given the perceived payout per unit of risk, this initial funded status can establish the potential relative risk target (as shown below). So for the purposes of this paper, we can re-state Sharpe and Tint (1990) approach so that the investor seeks to maximize the surplus as follows:
The risky asset, I, is defined flexibly so that the return and variance of I can be greater than or less than the return and volatility of O, respectively. But there is no risky asset (or combination of risky assets later) that is perfectly correlated to O. We adopt the standard finance notation that the risk-free rate has zero volatility (i. Muralidhar and Shin (2013) note that in the presence of goals, and because asset management is delegated to agents who the asset owner is not sure is skillful, it cannot give the allocators free rein on investment decisions. 37 They incorporate innovations from Harvey (1994 and , Modigliani and Modigliani (1997) , , and Jorion (2003) as to how the relative risk must be calibrated. The key aspect of these three papers, especially Jorion (2003), is that for effective risk budgeting, the volatility of the relative portfolio must be normalized to the reference portfolio (or equation 6). Equation 7 captures the final relative risk constraint whereby a unique relative risk target is specified (linked to f). It is implicitly a constraint on the correlation or degree of risk aversion or confidence in skill (Muralidhar and Shin 2013) . 38 To state the entire problem and constraints, using a 8 step process we can derive the key results.
STEP 1: Use M-cube to establish optimal allocations to risky, goal-replicating and risk-free assets
Maximize r(A) -r(O) (4a)
σ(A) = σ(O) (6) and TE(A,O) = TE(Target) (7) where a is the allocation to the risky portfolio and l is the allocation to the goal-replicating asset and the balance of the assets are invested in the traditional risk-free asset. We apply no constraints on the sign of any of these parameters. TE(Target) is the level of relative risk the investor is comfortable taking (and potentially linked to funded status). Note that this problem can be restated for every level of TE (Target) 
which can then be used to solve for the optimal allocations, a, l, and 1-a-l, using Muralidhar (2000) and Muralidhar and Shin (2013) .
The analysis recommends the optimal goal-replicating asset allocation given a risk budget (allocation to l), the amount of leverage or deleverage (1-a-l), and the optimal allocation to the risky portfolio (allocation to a). Notice that allocation to risky assets, a, is a function of relative standard deviations and the realized correlation relative to the target correlation. But what is most interesting is that the allocation to the various investment options is completely independent of returns, though one could argue that the TE(Target), and hence ρ(T,O), is a function of the expected return per unit of risk, and this is where the expected return of A potentially enters the allocation formula. Further, the allocation to the goal-replicating asset is independent of variances and is only a function of the correlation terms. The economic intuition behind these equations was provided in the "Background" section, but very simply, (i) the less volatile, (ii) the greater the risk tolerance (or a lower ρ(T,O)) and (iii) the higher the correlation to the goal-replicating asset (i.e., the greater its hedging value), the higher the allocation to that risky asset and vice-versa. Similarly, the lower the risk tolerance (i.e., higher ρ(T,O)), the higher the allocation to the goal-replicating hedge. These are intuitively obvious results.
The above formulation is nothing more than a form of "Three Fund Separation" with allocations to the absolute risk-free asset (or cash), the goal-replicating asset, and the risky portfolio Shin 2013) . This contrasts with the separation theorem of Tobin (1958) , where the allocation is to the risk-free asset and the unknown, yet-to-bediscovered, and impractical market portfolio. It also parallels Merton (1973) version of ThreeFund separation, where the third fund was needed to hedge the stochastic opportunity setinstead one can view this model as a single period variant of Merton (1973) . We can define r(A) I,O , the return of portfolio A in the Old-Age World, O, using the risky asset I,
For simplicity, define [√
] by
. Then we can rewrite, r(A) I,O as
]} × r(I)
]}× r(O) + (1 -
]-{ρ(T,O) -
]}) × r(F) (12A)
STEP 3: Establish risk-adjusted return of portfolio A in O world with C as risky asset (r(A) C,O )
We can repeat the same process in the Old-Age World assuming the investor allocates to C as a risky asset and hence establish r(A) C,O as in (12B).
]
]}) × r(F) (12B)
STEP 4: Set r(A) I,O = r(A) C,O to derive r(I) O as function of O, C and F
This is probably the single biggest assumption in the paper. We argue that two portfolios with the same absolute and relative risk, especially given the constraint of on the target correlation, cannot have different returns (i.e., no arbitrage), we can set r(A) I,O = r(A) C,O. Interestingly, in a MPT/CAPM world, using Graham-Harvey (1994) or Modigliani-Modigliani (1997) would not ensure such a result because those approaches only normalize for differences in volatilityhence, two portfolios could have the same volatility, but different correlations with the benchmark and hence different returns. M-cube addresses this problem by normalizing the correlations as in equation (7) as noted in .
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Solving this further,
And
Define r(I) O as the return of asset I in the Old-Age World.
Or alternatively,
To explain further, a' O is the "covariance" coefficient on the "risk premium" of risky assets and l' O is the coefficient of the goal-replicating asset's "risk premium" in the O world. 
c. College Savings World
We can repeat the same process in the College Savings World assuming the investor allocates to I as a risky asset and hence establish r(A) I,C and then allocate to O as the risky asset to derive r(A) O,C . If a" C =
And l" C =
Then r(
Or alternatively, r(I) C -r(
Recall, a" C and l" C in the C world have the same explanation as a' O and l' O in the O world.
From 16, a" C rises when (i) the volatility of I rises; (ii) the volatility of O declines; (iii) the correlation between I and C declines; and (iv) the correlation between C and O rises. From 17, l" C rises when (i) the volatility of I rises; (ii) the volatility of C declines; (iii) the correlation between I and C rises; and (iv) the correlation between C and O falls.
d. Combing the Two Worlds
Now assume that the two worlds are combined and trading can take place between the investors in the two worlds with no limits on the ability to buy/sell (we address this assumption in Section V). Recall that the value an asset provides to investors can be tracked to four aspects: (i) its value as a risky asset to O investors (as a source of additional return and diversifier); (ii) its value in hedging O (through its correlation with O); (iii) its value as a risky asset to C investors; and (iv) its value in hedging C. If we define
Then
which could also be solved for r(F), suggesting that there is an equilibrium value of r(F), unlike MPT where r(F) is exogenous.
Notice that Χ and Υ are only functions of the correlation parameters! This is the equilibrium condition between r(C) and r(O). Alternatively, r(F) could be expressed in terms of a' O , l' O , a" C , and l" C.
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STEP 7: Express r(I) as function of r(O), r(F), volatilities and correlations
However, this formulation can now be plugged into either r(I) C or r(I) O , such that by substituting (21) in (18B) r(I) C -r(F) = [a" C + l"
or expanding terms, reduced to r(I) being a function of either r(C) or r(O), but requiring the correlations with each to solve out. More interestingly, it offers two equations with which to price the asset, both of which should offer the same return (assuming free trading across O and C). Further, the model provides effective asset allocation recommendations for any goal and mix of risky asset(s) as shown in and Muralidhar (2001) . Finally, as these papers demonstrate, this model provides optimal risk-adjusted performance measures for a relative risk target thereby achieving all the goals highlighted in Figure 2 . Figure 3 provides the GRAPM version of Figure 2 .
FIGURE 3: GRAPM satisfies the 3 key attributes of an effective investment theory
In the GRAPM world of maximizing relative wealth subject to a relative risk constraint given multiple goal-replicating assets, the returns, risk and correlation (to the goal/liability) of each asset are anchored by three key assets -the absolute risk-free asset (F), and two relative risk-free assets (C and O). Each asset is triangulated by these three assets because F has zero volatility and zero correlation to other assets; the goal-replicating asset has zero relative risk relative to itself and the second goal replicating asset anchors the return of the first goal replicating asset. In this model, investors can have different liabilities, and will select portfolios that maximize their respective relative risk-adjusted performance. In other words, in this model, which is much closer to reality than CAPM or RAPM, the same risky portfolio is not optimal for each goal;
instead, each goal has a unique optimal risky asset. This model even allows the flexibility of each investor starting with a different expectation for the expected returns of the risky assets, but the no arbitrage condition will ensure a unique equilibrium across the goals. This flexibility allows for an easy explanation of wide disparity of asset allocations (and expected return forecasts)
actually witnessed globally among investors, that MPT and RAPM could not explain. In this section, we consider some extensions or short-comings to the model because GRAPM was developed using very simple assumptions.
a. Extensions
The first simple extension would be to assume that r(C) and r(O) are orthogonal to one another, which may not be an unreasonable assumption given how different Figure 1A is from Figure (23) and (24). This would be more in line with the Modigliani and Sutch (1966) Preferred Habitat Theory.
The second simple extension is that one can see this as a model with heterogeneous investors as opposed to just simply a model with multiple goals. In effect, each world can be seen as a different class of investors and the merging of the worlds essentially ensures that asset prices are determined by the interaction of these different classes of investors. This model is much simpler than models of investors with heterogeneous expectations/information as those models typically need stylized utility functions (CARA) and assumptions about complete markets.
The third simple extension is to assume that the portfolio I is made up of multiple assets. This just makes the model a bit more complicated, but because the correlations of a portfolio of assets to a goal-specific asset is nothing more than a weighted sum of each asset correlation to the goalspecific asset, the model is easily solved. Muralidhar (2001) demonstrates how this is achieved and further how assets that might have been considered valuable from a diversification perspective in an absolute return-risk world may be sub-optimal in a relative risk world. 43 If K is the portfolio of risky assets, such that
In this multi-asset setting, the allocation to each risky asset = a*w i . This leads to potentially an interesting new research avenue as to how the optimal risky portfolio in O relates to the optimal risky portfolio in C.
This offers a new twist to the notion of diversification and also has some ability to explain why many pension funds globally experienced declines in funded status in the equity crises of 2000-2 and 2008. In short, these pensions used mean-variance optimization in an absolute return-risk space to establish optimal portfolios, while ignoring that they had a goal that essentially resembled a long-duration bond asset. Hence, assets that looked attractive from a diversification perspective in MPT (e.g., equities) proved to be highly risky and even negatively correlated to the goal during crisis events. These assets might not have been included in a GRAPM portfolio for a limited relative risk budget. Interestingly, while some pension funds have adopted GBI, others, for regulatory reasons, are allowed to use an absolute return focus and this could lead to additional challenges should a new crisis lead to a negative correlation between stocks and long duration bonds.
This model also lends itself to a different perspective on monetary policy along the lines of Merton and Muralidhar (2015) . They argue that one of the reasons quantitative easing (QE) was not successful was because the central banks focused on maximizing absolute wealth, but by lowering short and long rates as part of QE they raised the value of liabilities by more than assets, in turn lowering relative wealth (of funded status). The reduction in relative wealth forced goal-focused investors to save more and also invest more in risky assets. In GRAPM, a lowering of long-term rates and funded status implies an increase in the risk budget and allocation to risky assets (as we can see in equations 9, 13 and 16), and a decline in allocations for the goalreplicating assets (equations 10, 14, and 17) . This shift in asset allocation as the risk budget expands (because of the decline in funded status) is shown in Muralidhar and Shin (2015 -Figures 2A, 2B and 3) . This will be addressed in future research.
b. Shortcomings
Like any economic model, GRAPM can be faulted for a number of the simplifying assumptions made to arrive at the result.
At its most basic level, the two goal-specific relative risk free securities in Section III that were used to motivate the entire discussion. BFFS/SeLFIES and BEST, do not exist and hence one could argue that this argument is purely speculative. Further, by the authors' own recognition, BFFS/SeLFIES do not perfectly the hedge longevity risk of individuals (as the maturity of the bonds are set equal to the average economy-wide longevity). As a result, these might not even be the ideal goal-replicating asset, but absent other options, many investors could use this as their relative risk-free asset. However, maybe in addition to the reasons provided in the papers and Section III recommending the creation of these bonds (i.e., that they can greatly simplify investing for these goals at low cost, low risk and with liquidity), this paper makes a strong case for why these instruments should be created to improve asset pricing models. In a related vein, as with all these finance models, one of the key assumptions is that we require F as a key asset with zero volatility and zero correlation. These assumptions greatly simplify the calculations even though this asset does not exist. There is no easy way out of this conundrum except to use the method suggested in Black (1972) .
The second big assumption that was made was that investors maximize goal-specific riskadjusted performance -behavioral economists may disagree with this starting assumption.
However, as noted in Muralidhar (2016b) and Section III, the creation of these bonds greatly simplify investing and would remove many of the behavioral biases that investors exhibit when faced with choices about investing with the current range of instruments. Hence, such an objective might not be unreasonable in a GBI setting.
The third shortcoming is that people could argue that the risk constraints are too rigid in requiring the volatilities to be normalized, a relative risk budget to be specified, and that the relative risk budgets are identical for all investors in the particular world. The third assumption is not unreasonable if we assume a representative investor. The first assumption is not common practice even though Graham and Harvey (1994) , Modigliani and Modigliani (1997) and Jorion (2003) make a strong theoretical case for this risk constraint. If one assumes that the investor picks an asset to benchmark their goal, then it is not unreasonable to assume that they would be comfortable with just that level of absolute volatility in their asset portfolio. The second constraint of setting a relative risk-budget does not seem out of the ordinary and is at least a 20 year old practice as noted in Mashayekhi and Muralidhar (1997) , and often found in the investment policy statement of many institutional investors. Alternatively, this is easily extracted by way of revealed preference by examining the historical tracking error of investors to their target allocation. However, the fact that the final asset pricing model is independent of the relative risk budget may be validation that this constraint is not as impactful as might be imagined. This begs an interesting question -do we really need the target risk budget assumption to derive the final asset pricing results? The relative risk budget clearly impacts the asset allocation for each of the assets.
The fourth shortcoming is that this is a single period model and it raises the question as to how long is that one period and is it a reasonable assumption to make? Muralidhar (2017) Fifth, GRAPM requires forecasts of expected returns of the goal-specific relative risk-free rates and the correlations and hence is subject to the same criticism as MPT/CAPM/RAPM because of our inability to forecast these variables and the fact that they are dynamic. However, where this approach dominates the standard optimization technique of MPT is that if the goal-specific relative risk-free assets are appropriately designed, then the achievement of goals is greatly simplified as the objective is reduced to how many of these bonds to buy during the saving period. In a world where investors save enough for each of the goals and the goal-replicating assets exist, there is no need to forecast any variables.
Finally, this model assumed that free trading between the Old-Age World and the College Savings World will equalize the returns of assets that are risky in both worlds. But this assumption may not be entirely correct because in the real world, the equilibrium would also depend on how many folks are in each world as that could affect the final equilibrium. If there are too few of one type (e.g., C) and many of another type (e.g., O), then it could be the case that the equilibrium return for I in the closed worlds (i.e. r(I) C and r(I) O ) may lead to an equilibrium that is closer to the world with the higher population as opposed to being equalized in the middle of the difference. In effect, the final asset pricing model becomes a function of total demand based on the population focused on each goal. 44 Alternatively, using historical data on 3 assets, one can derive r(F) from equation (21'), and then r(I) from GRAPM and compare the GRAPM r(I) with the actual r(I). The difference between the actual and GRAPM r(I) can be used to back out the proportion of the population that are C and O investors, respectively. This will be addressed in future research.
VI. Conclusions
GBI is slowly becoming the norm for investors. Individuals save for a range of goals (e.g., retirement, a child's college expenses) and each has a unique set of cash flows. Researchers have argued for the creation of a new class of relative risk-free securities for each goal. These instruments will typically be interest-only real bonds (linked to the appropriate inflation index), with a forward start date, and pay coupons for the period required for the respective goal. This paper demonstrates that, with two such goals/instruments and the traditional risk-free asset, all risky assets can be priced, without requiring a traditional utility function, risk aversion parameter or market portfolio (none of which are easily identified in real life). All that is needed is the assumption that investors take risk relative to the relative risk-free asset and specify risk goals much like traditional investors would specify. The asset pricing model is derived from the simple idea that a relatively risk-free asset for one goal is a risky asset for another, and hence these two assets, plus the absolute risk-free rate allow us to triangulate to establish returns for all other assets. This approach also lends itself easily to an asset pricing model with heterogeneous investors. This framework also provides useful advice on asset allocation and risk-adjusted performance.
Appendix 1 -Demonstrating how M-cube provides a demand function for various assets assuming a range of target risk
This figure assumes a liability hedge for a corporate pension fund (long duration bond index) and the HFRI Index as the risky asset. The range of tracking error targets are based on traditional risk budgets of corporate pension funds.
Source: Muralidhar and Shin (2013), Figure 2A .
